G. W. HILL: extension of delaunay's METHOD [April
Then the system of differential equations for determining the variables p{ and q. is : * dp. dF do. dF w if=Tq: %-& c-i.■.-.*>.
Let us suppose that Í1 is separated into the two parts ß0 and Ox, and that, when we neglect ßx in F, the equations (1) of which the first set are constants, and the second set linear functions of the time of the form nf, + ci, ni being a function of the Li, and ci an arbitrary constant. Nothing forbids our taking the Li such that they may be the elements severally conjugate to the Xi. Now, desiring to integrate the equations (1) when F has its complete value, we may adopt the Li and the X. as the dependent variables to be employed. The differential equations of the problem are then : dL. Here the function F has been made to involve the Li and X. by eliminating the old variables p{ and qi from it by means of their values given by the integrals derived on the supposition that Í! = il0. As F = a constant is an integral of the problem, and O0 -T= a constant, when £ll is neglected, it is quite evident that when we substitute in il0 -7 for p. and qi their values in terms of the Li and X¿, the X. completely disappear and il0 -7 becomes a function of the Li only. Thus, in the second form for F, the variables X. enter into it solely through the portion fí1 .
II.
In order to exemplify we will adduce the solar system composed of the Sun and the eight major planets.
We will suppose that the masses of the Sun, Älercury, Venus, Here ii denotes the sum of the products of every two masses of the system divided by their distance, a relation we will write thus : 'dt2 + m< 0 fi. , r?
= 0, It will be seen that each group of these equations, corresponding to the same value of i , is independent of all the rest, and that it differs from the group of equations of relative motion of two bodies only in that the constant m0 fxj¡xix takes the place of mQ -f m{.
Let a. be the semi-axis major, e. the eccentricity, 9. the inclination, L the mean anomaly, g. the angular distance of the perihelion from the node, and h. Then, when the elements become variable by reason of the addition of Í1, to ii0, they will satisfy the differential equations : dt~~= Jh.' et*** in:
where R. will be, in terms of il,, mentioned above, 7 Desiring to have the same perturbative function, whatever may be the integer i, we multiply the values (7) of Li, Gi, H, as also the value (9) of Bi by the constant ft.^tc., which does not alter the form of equation (8). We now have :
as also : In the second term of the right member of (11) the quantities 1/A0i2, 1/A03, • ■ ■, 1; A^g, can be developed in infinite series, the first terms of which are l/r2, l/r3, • • •, l/r8, and thus are cancelled by the term \\ri. Then the two latter terms of (11) are of the second order with reference to planetary masses.
III.
In order to make the application of Delaunay's method it appears necessary that F should be developed in a series, finite or infinite and periodic with respect to the variables I., g., h., which have been named the angular variables. In astronomical problems the series are generally infinite.
For legitimate employment this series must remain convergent throughout the whole duration of motion, while t is passing from -oo to + oo . It becomes then pertinent to ask what conditions must be fulfilled in order that this series may be convergent. It is well known that the reciprocal of the distance between two planets can be developed in a convergent infinite series, periodic with respect to the mean anomalies of the planets, provided that the orbits, as they stand in space, have no point in common, or when the reciprocal of the distance never becomes infinite. The condition of convergence in the present case is precisely similar to this. Here, however, not only the mean anomalies I. are left indeterminate in the series, but also the remaining angular variables gi and h. which define the positions of the perihelia and nodes.
Hence, in the present case, there must not only be no actual intersection of the orbits, but none when the perihelia and nodes are shifted in every possible way, the linear variables, or the mean distances, eccentricities and inclinations retaining their actual values.
In the Delaunay development of the reciprocal of the distance between two planets, it is necessary and it suffices for convergence that the perihelion radius of one of the planets should always exceed the aphelion radius of the other.
We may consider this subject under a more general aspect. Let F have the periodic development (13) F = j:A cos UXXX + j2\ + ■■■+ j, A,J , where \x ■ ■ ■ Xk are the angular variables, thej positive or negative integers, and A is a function of the linear variables L only. That this infinite series may be Trans. Am. Math. Soc. 14 convergent, F must not only actually never become infinite, but never even potentially so. It is necessary here to explain what we mean by the qualifying epithet " potentially." If, while the linear variables L are supposed to maintain their actual values, and, consequently, the coefficients A their actual values, we allow to all the angular variables X the complete swing of movement from 0 to 27T , F remains always finite, we say it never potentially becomes infinite.
In order that F may not actually become infinite it is necessary and sufficient that the velocities of and the distances between the points of the system should remain finite.
In order that F may not potentially become infinite, it is necessary and sufficient that the values of the linear variables Lx, L2, • • •, Lk should remain within a certain domain.
The definition of this domain is very complex after a Delaunay transformation has been operated, but is quite simple in terms of the original Keplerian linear variables Lx, L2, ■ ■ •, Lk .
We may illustrate this subject by bringing forward the case of the solar system as it has been described in § II.
Employing the linear elements ai and ei of equation (10) or of equations (7), the inequalities which define this domain are : LS+SL¡-G¡<«>.
It is remarkable that the inclinations of the orbits play no part in these inequalities.
<14) (15)
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IV.
As, in general, it is not necessary to distinguish between the three kinds L, gi, hi of angular variables, nor between the three kinds Lt, Gi, H, of linear variables, for simplicity of notation we shall suppose that the angular variables are denoted by lx, l2, the j being positive or negative integers prime to each other, Delaunay's method, somewhat generalized, consists in making such a transformation of variables as would constitute a complete solution of the problem if F, in its periodic development, contained as arguments only integral multiples of 0 . That is, in this special case, the new linear variables would turn out constants, and the new angular variables would be of the form n(t -4-c) , n and c being likewise constants.
It is clear that when we make such a transformation in F, the terms in the former periodic development involving the cosines of the finite multiples of 0 will disappear, but the absolute term will receive a modification. A little consideration will make it evident that the derivation of such a transformation is dependent on quadratures.
The discussion of this derivation is greatly facilitated by making a linear transformation of variables, in the cases of both angular and linear variables. In this it is evident that we can take 0 as one of the angular variables ; then let <H) be its conjugate linear variable.
Thus, we may have the following as the variables involved in the problem : And the canonical system of differential equations will be : 
A,, A2, ■ • •, A,._j are therefore constants, and the two equations of the first line contain no other variables than ® and 0, and thus form a distinct system by themselves and determine these two variables ; after which, by substitution of values, the remaining differential equations for Xl, X2, • • •, X/._1 determine these variables through quadratures.
As [T7 ] involves only two variables © and 0, the two equations which begin (19) have the integral, C being an arbitrary constant, (20) [7] + (7=0 This integral constitutes a relation between the two variables © and 0 ; and, if the latter are regarded as coordinates defining the position of a point in a plane, (20) is the equation of a plane curve. For this graphical exhibition of the connection between the two variables, we might adopt that in which they are the polar coordinates of a point, © being the radius and 0 the angle.
But, in some cases © may pass through zero. This difficulty may be obviated by adding to it a sufficiently large positive constant and thus it be rendered uniformly positive.
This can be done provided it does not go to negative infinity. However, all circumstances considered, it will probably be a better course to adopt a representation in rectangular coordinates, 0 being the abscissa and © the ordinate.
If we derive from (20) an expression for 0 in terms of © and substitute it in the first equation of (19) and take the reciprocal of both members we shall have the time in terms of © by a quadrature, and, by the inversion of this, © as a function of t.
On the other hand, if we derive from (20) an expression for © in terms of 0 , and substitute it in the second equation of (19) we shall have the time in terms of 0 by a quadrature, and, by the inversion of this, 0 as a function of t.
We proceed to note some of the properties of the curve whose equation is (20). In the first place it must be stated that if the differential equations of (19), which determine the variables © and 0, compel the first of these to take on values rendering the right member of (18) a divergent series, we agree to set aside such cases as nugatory.
Singularities of a certain kind are therefore excluded.
The curve cannot have a point d'arrêt, for, at this point, we should have simultaneously d®/dt = 0 and d0/dt = 0 ; and in consequence all succeeding derivatives of these variables would vanish.
Thus, at this point © and 0 would be invariable, which is impossible.
It cannot have a multiple point, since, for given values of © and 0, there is but one value of each of the quantities d&/dt and d0/dt.
If the curve pass through a point, it must proceed thence until it returns to that point or goes on to infinity.
In the latter case, taking a polar representation for the moment, it may either have two infinite branches, or may make an infinite number of turns about the pole, or, in other words be a spiral.
But, since equation (20) involves only cosines of 0 without sines of the same, the curve must needs be symmetrically situated with respect to the axis from which 0 is measured.
Hence, the last supposition must be rejected ; that is, it cannot be a spiral, nor can it have more than one distinct turn about the pole.
The curves graphically representing (20) may be divided into three classes. Here, for convenience, we adopt a rectangular representation. Let us suppose that an infinite number of values between the limits 0 and tt are substituted for 0 in (20) ; the result will be an infinite number of equations for determining the corresponding values of © . Let one of these be satisfied by a real value of © . Then it may happen that all the remaining equations are satisfied by real values of this variable continuous among themselves and with the value first mentioned. The variable 0 can then move from -oo to + oo and there will always be a corresponding real value for © . The first equation of (19) shows that © will be at a maximum or minimum when 0 = iir, i being a positive or negative integer. As, in the equation (21) ~-= A1 sin 0 + 2A2 sin 20 + 3A3 sin 30 + • ■ ■, the quantity A1 is, in general, larger than A2, AB, • • • , it follows that © will have no other maximum or minimum values than those just mentioned. In addition, if a maximum value occurs for 0 = 2vrr , then will a minimum value occur for 0 = (2i + 1)tt , and vice versa.
If, in (20) we put, in succession 0 = 0 , 0 = 7T, we shall have the two equations :
\C-B=-A1 + A2-A3 + ....
And if © be regarded as the unknown to be determined by them, it is plain that the maximum value of © will be a root of one of them and the minimum value a root of the other. Again © cannot be constant unless all the coefficients A vanish.
It is quite evident that, in this case, the values of © and 0 can be represented by the infinite periodic series : These two equations are to be regarded as the integrals of the first and second differential equations of the group (19) ; c is one of the arbitrary constants introduced by the integration, the other may be supposed to be either the C of (20) or the ©0 of the first of (23). But while C and c are conjugate to each other, this is not necessarily the case with the elements ©0 and 0ft + c).
The remaining coefficients of (23), ®1, ©2, • • •, 00, 0X , 02, • ■ ■, are functions of C or ©0. On account of the form of the curve which represents (20) in this case it may be called the sinusoid case.
We come now to consider the second case of the representation of (20) by a curve.
Here, if we give to 0 its range of values between 0 and ir, we shall find that the equations determining the corresponding values of © have two real roots for an arc of values for 0 which either begins at 0 or ends at ir ; and, in the first case the arc terminates, or, in the second case, begins, at the same intermediate point.
At this point the two real roots become equal, and, for the remainder of the semi-circumference, they are imaginary. Consequently, at this point, 0 attains either a maximum or minimum value.
Because the equation contains only cosines of multiples of 0 , in the one case, the right line 0 = 0, and, in the other, the right line 0 = it , divides the area embraced by the curve symmetrically.
The maximum and minimum values of © are given by the roots of that 0.
one of the two equations of (22) which has two real roots. In this case, 0 can not be represented by series like the second of (23), but, in general, we may give the integrals of the problem the form : (20), while c , as before, is the other arbitrary constant. It will be perceived that, in the former case, the integral equations (23) can be given the form (24) if one chooses ; and Delaunay has always adopted it where the eccentricity e would appear as a divisor in the first form.
At the two points, at which 0 has attained its maximum or minimum value, we have d0/dt = 0 , or
When dB/d® and clAJd® are quantities of the same order of magnitude, the second case is likely to occur. As the curve, which here represents the connection of the variables © and 0, is a closed one, this case may be called the ovaloid case. This kind of motion in the variables is, however, generally termed a libration.
Observation has not yet shown that it occurs in the system of the eight major planets of the solar system, although it is possible it may exist for very large values of the integers ji.
However, should this prove true, the influence of this circumstance on the motion of the system would be quite insignificant.
The third case in the graphical representation of (20) occurs when, in a certain range of values for 0 , bisected by the value 0 = 0 or by the value 0 = ir, we find a real value for © , but this value tends towards positive or negative infinity as the limits are approached.
Here there is one maximum and no minimum for © or one minimum and no maximum.
As in the previous cases, these values occur when 0 = 0 or 0 = tt . As long as the instantaneous orbits of the planets composing the system are elliptic in their nature this case cannot present itself.
And © cannot go beyond a certain limit without some of the elements becoming imaginary.
In order, therefore, to prevent the occurrence of functions of complex variables, a modified system has to be adopted. But an illustration of this case can very easily be constructed.
In order to escape the difficulty of divergence when |©| exceeds a certain limit, let us suppose that [i'7] is finite and does not run into an infinite series, and that all the quantities A . beyond Ax vanish.
Then the equation ( 2 + 5© ' 4 -5 cos 0
It is thus a quartic algebraic curve whose equation in rectangular coordinates is :
whose course resembles that of a hyperbola. The formula for the time is :
If this be integrated between the limits © = 1 and © = © it will give the time required to describe the curve from the point 0 = 0 to the point having the radius © .
VI.
Let us now suppose that by the integration of the system of differential equations (19), it is proposed to remove from F the periodic terms having the argument 0 , that is, those contained in [7 ] . We confine ourselves to the first case as that will usually be the one which presents itself.
The integrals of (19) will evidently have the form : We shall now have a new set of angular variables 0 , Xx, X2, ■ ■ ■, X. , and it will be pertinent to inquire what are the linear variables conjugate to them, so that we may still have differential equations of the canonical form.
Taking the two equations of (27) which define © and 0 in terms of the new variables, let us suppose that the latter are ©0 and 0' (an accent is applied to the latter for the sake of discrimination).
Then we 
Then, by the substitution of these values in the two differential equations of (16) which determine © and 0, we get
WW
By multiplying these equations by the proper factors, and putting A for the functional determinant or Jacobian : 
which have the canonical form.
As to the remaining linear variables A, , A2, • ■ ■, Aft_, , which are identical with the former variables denoted by the same symbols, it is evident that they remain the conjugates of the new variables X, > X2, • • •, Xk_l .
VII.
As it is somewhat difficult to discover the linear transformation of variables required to pass from the set
suppose we adhere to the use of the first set. Then we have the differential equations
where the (L^) are arbitrary constants.
By means of these equations the linear variables Li may be eliminated from the right members of all the differential equations (36) and (37), and thus be replaced by the single variable © . Thus the mentioned right members become functions only of the two variables © and 0 ; and, after © and 0 are found in terms of t from the integration of (36), the L. will be found from (38), and the L from a quadrature operated on the second equations of (37).
Then we can suppose that the integrals of (36) and (37) The latter set are not independent as they must satisfy the relation :
As there is the additional arbitrary constant c, the number of independent constants is 2k as it should be. f Replace 7, by 7, +j1@l cos 6 + jx®2 cos 20 + ..., We have now to find what linear variables are conjugate to the new angular variables 7,, l2, ■ • -lh.
They are discovered immediately from a comparison of (34) and (38) . As, from (34) , it appears that ©0 the arbitrary constant, which may be conceived as annexed to the series for ©, is not the element conjugate to the angular element 0ft + c), but that the expression
must be added to it to produce the required conjugate, it is plain from (38) that, after the transformation, the new 7¿ is no longer the exact conjugate of L, but that we have for that element the value VIII.
In making one of Delaunay's transformations it is not absolutely necessary that we should employ the linear variables L., which are the conjugates of the angular variables L , in the development of the various series needed ; we may use any others connected with the former by known relations.
Then equation (41) will inform us, at any stage of the transformations, what function the conjugates of the angular variables are of the used linear variables.
Thus, in making his developments in the lunar theory, Delaunay has not used the elements he calls L , G , H, but has substituted for them others which he names a, e, 7.
Let us suppose that the new set of linear elements we determine to use are denoted by the symbols e,, e2, • ■ ■, ek. Then, in order to form the equivalents for the dljdt, it will be necessary to know the values of the partial derivatives deJdL. in terms of the ei. The number of these derivatives is k2, and we shall have as many equations for determining them.
Having the Li in terms of the e{, the general form of these equations will be :
,._. IX.
Delaunay's lunar theory affords a plentiful assortment of the transformations just discussed, but their application in a case of planetary motion gives rise to more complex expressions.
In the lunar theory it is possible to expand all coefficients in power series of all the parameters involved ; but, in a planetary theory where a , the ratio of the mean distances, is a considerable fraction, it is necessary to introduce the functions of a usually denoted by the symbol bf, as also their derivatives with respect to a . It may therefore be profitable to give as simple an illustration as possible of these transformations where bf must be used.
Let Jupiter be supposed to describe a circular orbit about the Sun, while a small planet, without mass, describes an orbit in the same plane.
Let the radius of Jupiter's orbit be taken as the linear unit ; denote its longitude by e' -4-n't, and the masses severally of the Sun and Jupiter by m0 and m . Let a, e, I, and g be the mean distance, eccentricity, mean anomaly, and longitude of the perihelion of the small planet, and r and v its radius and true anomaly.
Put
The function we have denoted by F will have the expression : r cos v = a (cos u -e) , r sin v = a >/l -e2 sin u, u -e sin u = I.
The position of the small planet will be known when we know L , T , 1, 7 .
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The differential equations for determining the latter are :
In order to give an illustration of the transformations named by Delaunay operations, let us select from the periodic development of F, which, from (49), plainly has the form "£,AiA, cos (il + i'y), all the terms having the argument 6 = I -4-27.
These will be terms of long period in case the small planet has a mean motion nearly double that of Jupiter, which case has been extensively discussed by astronomers, such a minor planet being called of the Hecuba type. Taking 0 as one of the angular elements, we see that we can adopt 7 as the other, and thus shall have I = 0 -2<y. In order to obtain The investigation will be facilitated if we now make a slight change in the dependent variables employed so that they have the following equivalents : 
a being a constant. By means of this relation the variable a may be eliminated from [7 ] which thus will contain but two variables, e and 0 . The equations (56) have the canonical form, but we prefer to discard the variable T and to use e in its stead.
Supposing then that [7] is made a function of the variables e and 0, the differential equations for the latter are : XI.
In an application like the present, where the periodic developments of the various quantities are always tardily convergent, it is nearly impossible to give literal expressions for the coefficients.
And, even if we consent to give to each coefficient its numerical value at once, the work of multiplying such periodic series together is very embarrassing, and the process easily leads to the commission of errors.
Hence we adopt the method of substituting for each quantity involved the special values of it at equal intervals in the motion of the independent variable through the semicircumference.
With this method of treatment it is necessary to separate the cases of non-libration and libration.
It is always an advantage in computation to have the members dealt with independent of any linear and temporal units.
To this end let us substitute for The coefficients of the periodic development of W are then absolute numbers. The equations which, with (57), we shall use for the elaboration of the problem, are the three following equations : This equation contains as variables only e and 0 ; hence, since e should never be negative, the dependence of the two variables on each other may be shown graphically by taking e as the radius and 0 as the angle in a system of polar coordinates.
If we are given a pair of simultaneous values of e and 0, it is obvious that by their aid we can determine the constant value of W.
Desiring to ascer. tain at what points on the axis the curve passes we make in (61) in succession 6 = 0° and 0 = 180° and we get two equations of the forms : If each has a positive real root continuous with the value of e which was used for the determination of the constant value of W, the variable 0 generally moves through the whole range of real values.
But, if the first equation has two positive real roots and the second none, 0 will librate about the value 0 = 0°. But, if the second has two positive real roots and the first none, 0 will librate about 0 = 180° . It will be seen that when D = 0 we have the limit separating non-libration from libration. ho XL A Case I.-Non-libration.-Here, as 0 goes through the semicircumference, it can be employed as the independent variable.
Then, in the first equation of (60), we assign to 0, in succession, a series of equidistant values covering the semicircumference.
(Those used in our illustrative examples are 13 in number, viz, 6 = 0°, 6 = 15° , 6 = 30° , • • •, 6= 180° .) This procedure furnishes us with a like number of equations for determining the corresponding values of e . Solving these by the tentative process we have these values of e, and can apply to them the procedure of mechanical quadratures.
Thus is obtained a general expression for e as a periodic function of 6 involving only cosines.
As the next step these special values of e can be substituted in the right member of the second equation of (60).
To the special values thus obtained for dr/d6 can be applied mechanical quadratures, and the resulting periodic series, involving only cosines of integral multiples of 6, can be integrated with respect to this variable.
This integral may be put in the form : Knowing 0g we are now in possession of the period of the inequalities we are endeavoring to derive. The left member of this equation we shall designate as the time-argument, and, for brevity, denote it as f.
In the next place we assign to f a series of equidistant values going from 0° to 180°, and, by a tentative process applied to (63), arrive at the corresponding values of 0 . These corresponding values of 0 can be substituted for 0 in the expression of e as a periodic function of 0, and thus we shall have the values of e which correspond to the equidistant values of Ç. We can now readily derive the similar values of the two quantities e cos 0 and e sin 0 . To these we apply mechanical quadratures and thus obtain the periodic developments of these quantities in terms of Ç.
As the last step in this work we can, through the last equation of (60), express dg/dr as a function of e and 0, and, by the substitution of the special values of the latter variables, obtain the special values of dgjclr which correspond to the equidistant values of £. To these apply mechanical quadratures and the periodic series for dg/dr is obtained.
This being integrated we have the series for g, and the solution of the problem is completed.
XII.
Case II.-Libration.-Here we are lut off from the use of 0 as an independent variable on account of its not going through the semicircumference. But this difficulty is surmounted by substituting fo* it another variable which does move continuously from -oo to 4-oo . In order to ascertain, in the case of libration, the limiting values of 0 we have to solve the simultaneous equations : dW W= a constant, -,-= 0 , oe the unknowns being e and 0. That is to say, a value of 0 must be found which will make the first equation have two equal roots for e . This can be done by a tentative process.
If we assume 0 too large, generally, we shall not be able to discover real values for e from the first equation ; but, if 0 is taken too small, we get two values real but unequal for e. These two conditions must be brought as close as possible until we discover the point of passage from one to the other. In our illustrative example we escape the necessity of this tentative process by assuming as one of the two fundamental elements of the example not the D of (62) but the amount of libration.
The amount of libration being thus either assumed or determined, let k denote the limiting value of sin 0 ; we then can put (64) -sin 0 = k sin y\r ;
and the motion of ijr can be regarded as extending continuously from -go to + oo. Adopting the variable yfr for replacing 0, the second equation of (60) takes the form :
where the newly introduced radical must receive the sign of cos 0. We can now make yjr play the same rôle as 0 did in Case I, and there is need of no further explanations.
XIII.
We attend now to the integration of equations (60).
The operation of Delaunay's lunar theory which is numbered 23* has great affinity with that here detailed, and the two may be compared.
He, it is true, has six variables to our four ; but, in comparing, his 7 should be made to vanish and his h then becomes indeterminate. The periodic development of the reciprocal of the distance between two planets as a function of the time has been given by Leverrier to terms of the seventh order inclusive, and th ~e of the eighth order have afterwards been added by M. Bouquet.* We av.il ourselves of this development and adopt the mode of Leverrier for noting the coefficients except in the portion which is a function of e alone. We put Af = (1/j I) aJ dJb[i)/daJ, j = 0 in the portion factored by cos 00, j = 2 in the portion factored by cos 0 , j = 4 in the portion factored by cos 20 and so on ; only the numerical factors are written since the A can easily be filled in as they always commence with Af, and the lower index always increases by a unit in each step to the right. With Leverrier we put % for le. This then is the development of a ¡A , preserving only the terms involving the integral multiples of 0 as arguments : From this expression we must eliminate the variable a by means of its value in terms of e given by (57).
We put
Let Leverrier's coefficient of cosj0 be denoted thus :
where c. is a function of e . Denoting the similar coefficient, after the variable a has been eliminated through (57) By means of this formula we obtain the following expression, in which a, the argument of the various quantities A'2j\ is the constant a of (57) : In forming the value of dgjdj we need to know the derivative of the foregoing expression with respect to a . By noting the equation :
dA (2J) a-dà-= iAiïJ) + (-i + VA^' and changing our mode of noting the coefficients so that the number first given is the coefficient of A (2J) It is desirable to have the means of verifying these truncated developments of a jA derived from the work of Leverrier and M. Bouquet. In fact, by the application of the first of two following theorems, an error has been found in M. Bouquet's expression for (225) ; in the coefficient of K3, -h should be substituted for A . The two theorems are the following :
The coefficient of cos j0 in the periodic development of a ¡A is the same as that of s3 in the expansion of the expression g^(_^s
in a power series with reference to s . Tlie coefficient of cos j0 in the same development after a has been replaced by a [2 -v/1 -e2]2 is the same as that of s> in the expansion of the expression I at[p -xo+rt (•+î)J[i -x(. +1)] (^p><-;> in a power series with reference to s.
In these expressions co stands for e/( 1 + v/1 -e2)
XIV.
The two linear elements which determine all the coefficients in the periodic developments involved in this problem may be taken to be the constant a of (57) and the constant D of (62).
It is proposed to elaborate two examples illustrating the subject in hand, one exhibiting non-libration, the other libration. In both we will assign to a such a value as makes log a = 9.8.
This value makes the period of revolution of the small planet nearly or exactly half that of Jupiter.
Whether we are to have a case of non-libration or libration will then depend on the value assigned to the second constant D.
In the first place then we compute the values of such of the quantities Af as are needed in this investigation, correspond it to log a = 9.8 , by procedures which it is unnecessary to detail.
The results are contained in the following table :
Values of log A\¡) for log a = 9.8. We adopt the mass of Jupiter so that v = 1/1047.355 . Then, in the expression (61) of W, the portion which is independent of the interaction of Jupiter and the small planet, developed in powers of e2, becomes : If we omit from the expansion of W its constant term, and call D the constant of the thus modified W, as in (62) It will be seen by comparison of the coefficients of this equation that, unless e is very small, it will not do to regard the equation as approximately a quadratic in e ; for e = 0.1 the term in e4 is ten times more important than the term in e2. The supposition that the mean motion of the small planet is nearly double that of Jupiter makes the coefficient of e2 nearly vanish.
In fact a very small change in the adopted value of a would make this coefficient 0.
What sort of a curve we shall have exhibiting graphically the connection between e and 0 will depend on the value assigned to D.
To bring this out in a clear manner we compute the values of the left member of the preceding equation for each 0.01 in the value of e between the limits ± 0.3 , and thus have the following As e ought always to be positive, in the first half of this table we may change the sign of e, provided we suppose that the corresponding value of D is regarded as appertaining to the special value 180° for 0, while, in the remainder of the table, this value corresponds to 0 = 0°. (71) will have two real roots for e . If D is positive one of these roots will be negative ; changing the sign of the latter it will belong to the value 0 = 180° ; the positive root will belong to 0 = 0°. Thus, in this case, the motion of 0 is generally through the whole semicircumference, and hence is continuous from -oo to + oo. But, if D is negative, both roots will be positive, and thus belong to 0 = 0° . In this case, therefore, 0 departs from 0° and comes back to it without having reached 180°. This is called a libration : we see that D = 0 marks the dividing point between continuous and libratory motion for 0 . The latter case also has the largest swing in the values of e, viz, from e = 0 to about e = 0.127.
Generally, the larger D is, the smaller will be the variation in e . Thus, if D = + 0.0045 , e will vary from 0.29 to 0.30.
If there is libration e cannot exceed 0.127. These remarks, however, must be understood as applying only to the values holding for 0=0°a nd 0 = 180°.
Larger values for e may obtain for values of 0 lying between 0° and 180°.
XV.
For our illustrative example, in the case of a continuous motion for 0, we assign to D the value + 0.0001 in (70).
All the coefficients of the various periodic series will now have determinate numerical values. The preceding table shows that, for this assumption, the eccentricity will have, when 0 = 0°, the approximate value e = 0.1475 , and, when 0 = 180°, the approximate value & = 0.0745 . In this case these are the limiting values, as e continuously diminishes while 6 is passing from 0° to 180°.
Attending now to the elaboration of our selected example, in (70) we give to 6 , in succession, the values 15°, 30°, 45°, 60°, 75°, 90° and get as the right member of (70) The coefficients in the second quadrant for 6 are the same as in the first, but in reverse order, except, that for the odd powers of e the sign must be reversed.
Making the right members of these 13 equations equal to + 0.0001, we solve them with reference to e as the unknown, and substitute, in succession, the values thus obtained and the corresponding value of 0 in the right member of the second equation of (60) The first of these is simply a transformation of the equation W -D by which e is expressed in terms of 0.
From the second, by attributing to £ in succession the 13 values 0°, 15°, 30°, • ■ •, 180°, using a tentative process, we can get the corresponding values of 0.
Thence by substitution in former results, the corresponding values of the four quantities e, e cos 0, e sin 0 and dr/d0 can be obtained.
The results follow, the first column containing the argument : These forms for the integrals of our problem are to be preferred since they can also be used for the case of libration.
XVI.
To complete the solution the periodic series giving the position of the perihelion must be derived.
Using logarithms^ instead of the actual coefficients, the first term of the right member of the third equation of (60) The quantities in the last column furnish the periodic series for dgjdr. The absolute term shows that the mean motion of the perihelion of the minor planet is 0.00490 0079 times the mean motion of Jupiter.
The integration of this series gives the expression for g . These two expressions follow ; (g) is the arbitrary constant added to complete the integral, and, in the second term, the unit of t is a Julian year. It is of interest to know the mean motion of the small planet which is not obvious at the beginning of the solution.
We have the equation :
dr Substituting in the right member the mean motions of 0 and g, its value is found to be 2.03493 7731 ; then, if for Jupiter we have /*' = 299" 12838, for the small planet n = 608."70762.
XVII.
Illustration in the Case of Libration.-In the example we have chosen to illustrate the theory, libration, when it exists, is always about the value 0 = 0°. In addition to the value log a = 9.8 let us assume that the D of (70) is to be so chosen that the half-swing of 6 may be 50°.
Making, therefore, 6 = 50° in (70), we get the first of the following equations in e, and the second by taking the derivative of the first with respect to e : Both of these equations should be satisfied when 6 is at the limit of its swing, viz., when 0 = ± 50°. The expressions in this table constitute the left members of 7 equations of the 8th degree ; they must be equated to the same quantity D = -0.00004 863102.
The two smallest real roots of each should be derived (they are those suited to our pu.if ceo). The connection of these roots with the variable ->/r is settled in following way : the larger of the two roots is made to correspond to the value of ty standing as the argument in the table, while the smaller is assigned to the value 180° --ty ; the two roots being equal for ifr = 90°, the common value is assigned to that value of yjr. This arrangement is made in order that ^jr and t may augment together.
These values of e together with the corresponding values of 0 are, in succession, substituted in (65) It should be noted that, in the computation of the third column, the factor cos T¡r/(d Wide) takes on the indeterminate form 0/0 ; employing the usual method of treating vanishing fractions, this factor equals -1/ \_(d2 W/de2) (de/dy¡r)~\ . If here we should use the equation W = D to determine de/d^jr, the result would again be indeterminate.
But this difficulty is avoided by employing the value of e as a periodic function of \¡r given by the quantities of the second The mean of the numbers in the last column of the table, allowing half weight to the first and last, is 38.65409, which is the number of revolutions of Jupiter contained in the period of libration ; thus this period is 458.5144 Julian years. From the special values of e and dr/d^fr given in the table we derive the periodic series representing them.
The latter can be integrated, and, as before, we put £ for 0ft + c) . Thus we get the following expressions : The unit of t in the second expression is a Julian year. By using the same formula as in the former case we find that the mean ¡x of the small planet in this case has the value 609".47474.
XIX.
In attempting to apply the preceding method to the case where D = 0, we should find that dgjdr became infinite at the point where 0= 0° or0 = 180°, and, when D is quite small, we should have to deal with inconveniently large numbers.
This difficulty is surmounted by computing the differentials of the two quantities e cos g and e sin g in place of that of g .
